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Four-dimensional A<-extended superconformal symmetry and correlation functions 
of quasi-primary superfields are studied within the superspace formalism. A super- 
conformal Killing equation is derived and its solutions are classified in terms of su- 
pertranslations, dilations, Lorentz transformations, i?-symmetry transformations and 
special superconformal transformations. In general, due to the invariance under su- 
<D pertranslations and special superconformal transformations, super confer mally invari- 

ant n-point functions reduce to one unspecified (n — 2)-point function which must 
transform homogeneously under the remaining rigid transformations, i.e. dilations, 
Lorentz transformations and .R-symmetry transformations. Based on this result, we 
are able to identify all the superconformal invariants and obtain the general form 
of n-point functions for scalar superfields. In particular, as a byproduct, a selection 
rule for correlation functions is derived, the existence of which in N = 4 super Yang- 
Mills theory was previously predicted in the context of AdS /CFT correspondence Q. 
Superconformally covariant differential operators are also discussed. 
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1 Introduction & Summary 



Superconformal field theories have been of renewed attention after the Maldacena conjec- 
ture that the string/M theory on AdSd+i backgrounds is dual to a conformal field theory in 
a spacetime of dimension, d, which is interpreted as the boundary of AdSa+i As all 

the known nontrivial conformal field theories in higher than two dimensions are supersym- 
metric theories 0-16|, it is natural to consider a group which combines supersymmetry and 



conformal symmetry together, i.e. the superconformal group. In fact, the pioneering work 
on supersymmetry in four-dimensions [[H]] introduced the M = 1 superconformal symmetry, 
though it is broken at quantum level. 

Contrary to the ordinary conformal symmetry, not all spacetime dimensions allow su- 
perconformal symmetry. The standard supersymmetry algebra admits an extension to a 
superconformal algebra only if d < 6 |]TS| (for a review see |H5|]). In particular in four- 



dimensions, which is of our interest in this paper, the bosonic part of the superconformal 
algebra is 

o(2,4)©u(A0. (1.1) 

Hence the four-dimensional superconformal group is identified with a supermatrix group, 
SU(2,2|A0 ©IH or its complexification, SL(A\Af;C) f2|,|23|. Normally M > 5 cases are 



excluded from the renormalization point of view, as theories with more than four super- 
charges must have spins higher than one such as graviton/gravitino and it is unlikely that 
supergravity theories are renormalizable. However, such a restriction on the value of M is 
not relevant to our work. 

According to the conjecture [@-@], four-dimensional M = 4 super Yang- Mills theory 
with gauge group SU(iV) is dual to type IIB string theory on AdS$ x S 5 in the limit of 
small qym and large but fixed 't Hooft coupling, gy M N. In this limit, the string theory can 
be effectively described by tree level type IIB supergravity, while the field theory dual is 
strongly coupled. As the perturbative approach breaks down in the strongly coupled CFT 
side, to check the conjectured duality it is desirable to have non-perturbative understand- 
ing on super Yang-Mills theory. This motivates us to explore four-dimensional jV-extended 
superconformal symmetry and correlation functions subject to the symmetry as done in the 
present paper. 



In our previous work six-dimensional (A/", 0) superconformal symmetry was ana- 
lyzed in terms of coordinate transformations on superspace and through dimensional re- 
duction basic features of four-dimensional A/"-extended superconformal symmetry were ob- 
tained. In the present paper, in a similar fashion to [[n],[2l| but in a self-contained manner, 
we analyze four-dimensional A/"-extended superconformal symmetry on superspace. Our 
main results concern the general forms of superconformally invariant n-point functions for 
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quasi-primary superfields. In particular, as a byproduct, we obtain a selection rule for cor- 
relation functions of the component fields, ip (x), appearing in the power series expansions 
of quasi-primary superfields in Grassmann coordinates, 9 and 9. The selection rule states 
that if the the sum of the i?-symmetry charge, Ki, is not zero then the correlation function 
of the component fields vanishes 

n 

(^{x 1 )---^{x n )) = U if £>^0. (1.2) 

i=i 

The existence of this kind of selection rule in M = 4 super Yang-Mills theory was previously 
predicted by Intriligator within the context of AdS /CFT correspondence, as the dual IIB 
supergravity contains a corresponding U(l) symmetry jl]. Therefore our results provide a 
supporting evidence for the Maldacena conjecture, as the selection rule here is derived by 
purely considering the symmetry on CFT side without referring to the string side. 

The contents of the present paper are as follows. In section [| we first define the 
four-dimensional A/"-extended superconformal group in terms of coordinate transformations 
on superspace as a generalization of the definition of ordinary conformal transformations. 
We then derive a superconformal Killing equation, which is a necessary and sufficient con- 
dition for a supercoordinate transformation to be superconformal. The general solutions 
are identified in terms of supertranslations, dilations, Lorentz transformations, i?-symmetry 
transformations and special superconformal transformations, where i?-symmetry is given by 
U(JV) as in eq.( [L.l|) and supertranslations and special superconformal transformations are 
dual to each other through superinversion map. The four- dimensional A/"-extended super- 
conformal group is then identified with a supermatrix group, SU(2, 2|jV), having dimensions 
(15+J\f 2 \8Af) as known. However, we point out that for M = 4 case an equivalence relation 
must be imposed on the supermatrix group and so the four-dimensional M = 4 supercon- 
formal group is isomorphic to a quotient group of the supermatrix group. 

In section we obtain an explicit formula for the finite nonlinear superconformal trans- 
formations of the supercoordinates, z, parameterizing superspace and discuss several repre- 
sentations of the superconformal group. We also construct matrix or vector valued functions 
depending on two or three points in superspace which transform covariantly under super- 
conformal transformations. For two points, Z\ and Z2, we find a matrix, I(zi,z 2 ), which 
transforms covariantly like a product of two tensors at Z\ and z 2 . For three points, zi, Z2, Z3, 
we find 'tangent' vectors, Zi, which transform homogeneously at Z{, i = 1,2,3. These are 
crucial variables for obtaining two-point, three-point and general n-point correlation func- 
tions later. 

In section |], we discuss the superconformal invariance of correlation functions for quasi- 
primary superfields and exhibit general forms of two-point, three-point and n-point func- 
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tions. Explicit formulae for two-point functions of superfields in various cases are given. In 
general, due to the invariance under supertranslations and special superconformal trans- 
formations, n-point functions reduce to one unspecified (n — 2)-point function which must 
transform homogeneously under the rigid transformations - dilations, Lorentz transforma- 
tions and .R-symmetry transformations. We then identify all the superconformal invariants 
and obtain the general form of n-point functions of scalar superfields. As a byproduct, we 
derive the selection rule for correlation functions (|1 . 2p . 

In section |5], superconformally covariant differential operators are discussed. The condi- 
tions for superfields, which are formed by the action of spinor derivatives on quasi-primary 
superfields, to remain quasi-primary are obtained. In general, the action of differential 
operator on quasi-primary fields generates an anomalous term under superconformal trans- 
formations. However, with a suitable choice of scale dimension and .R-symmetry charge, 
we show that the anomalous term may be cancelled. We regard this analysis as a neces- 
sary step to write superconformally invariant actions on superspace, as the kinetic terms 
in such theories may consist of superfields formed by the action of spinor derivatives on 
quasi-primary superfields. 

In the appendix, the explicit form of superconformal algebra and a method of solving 
the superconformal Killing equation are exhibited. 



Recent review on the implications of M = 1 superconformal symmetry for four- dimensional 
quantum field theories is contained in |^S| and some related works on superconformally in- 
variant correlation functions can be found in p6|-p3| . M = 1 superconformal symmetry on 
curved superspace is studied in |3"3|-|3"o| and conformally covariant differential operators in 
non- super symmetric theories are discussed in |37|,p8|. 



2 Superconformal Symmetry in Four-dimensions 

In this section we first define the four-dimensional A/"-extended superconformal group on 
superspace and then discuss its superconformal Killing equation along with the solutions. 
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2.1 Four-dimensional Superspace 

The four-dimensional supersymmetry algebra has the standard^] form with P M = (H, — P) 

{Qaai Qa\ = ^aa^fJ. i 

(2.1) 

[P M , P v \ = [P M , Q aa ] = [P M , Q%] = {Q aa , Q bp } = {Q%, Qfi = , 
where 1 < a, a < 2, 1 < a < J\f and Qaa satisfies 

Q«a f = Q% ■ (2.2) 

Pfj,,Qaa and Qd generate a supergroup, Gt, with parameters, ,z M = (x^, 9 aa , 9%), which 
are coordinates on superspace. The general element of Gt is written in terms of these 
coordinates as 

g (z) = j(vP+e a Q a +Q a <>«) . (2.3) 
Corresponding to eq. ( |2.2|) we may assume 9 aa to satisfy 



9 aa * = 0* , (2.4) 

so that 

g( Z y = g(z)- 1 = g(-z) . (2.5) 
The Baker-Campbell-Haussdorff formula with the supersymmetry algebra (|2.1| ) gives 

g(zi)g(z 2 ) = g(z 3 ) , (2.6) 

where 

%3 = A + *2 + iOl^ha ~ iO^K , a z =9l + 9 a 2 , 9 3a = 9 la + 9 2a . (2.7) 

Letting Z\ — > —z 2 we may get the supertranslation invariant one forms, e M = (e M , d9 aa , d9%), 
where 

e M (z) = da;^ + id9 a a tM 9 a - i9 a a fl d9 a . (2.8) 
The exterior derivative, d, on superspace is defined as 

d = dz M ^ = e M D M = + d9 aa D aa - d$*B% , (2.9) 



L See Appendix |X| for our notations and some useful equations. 
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where D M = (d^,D aa , —D^) are covariant derivatives 
d 



d„ = 



d d 
D nn = — i{^0 a ) a - 



d d 



satisfying the anti-commutator relations 

{D aa ,D b dl } = 2i5 a b a»A. 



dx^ ' 
(2.10) 



(2.11) 



Under an arbitrary superspace coordinate transformation, z — ► z', e M and Dm transform 

as 

e M (z') = e N {z)K N M {z) , D' M = Tl~ 1 M N {z)D N , 

so that the exterior derivative is left invariant 

e M (z)D M = e M (z')D' M , 

where 1Zm N (z) is a (4 + AM) x (4 + AM) supermatrix of the form 



(2.12) 
(2.13) 



n M N {z) 



( r;(z) dpO"* d$\ 

B% a (z) DJF* D a jf 
\-BT{z) -D%ffW -Dtff ) 



(2.14) 



with 



(2.15) 
(2.16) 
(2.17) 



dx» ' "dx»~ " a " dx» ' 
B» a (z) = D aa x>» + iD aa 9' b a% + i6' b ^D a J' b , 

BT(z) = Dlx>» + iDl9' b a% + t9' b ^Dp' b = (fl£(*))t . 

2.2 Superconformal Group &; Killing Equation 

The superconformal group is defined here as a group of superspace coordinate transforma- 
tions, that preserve the infinitesimal supersymmetric interval length, e 2 = r] lxv e ll e v 
up to a local scale factor, so that 



e\z) -> e\z') = n\z;g)e 2 (z), 



(2.18) 
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where Q(z; g) is a local scale factor. 
This requires B£ a (z) = B^'(z) = 



D aa x'» + tD aa 9' b a% + i6' b ^D a J' b = , 



and 



e»(z>) = e l '(z)RS{z;g) 



(2.19) 



(2.20) 



Hence 1Z M N in eq.( |2.14| ) is of the form[| 



det R(z; g) = Q A (z;g) . (2.21) 



K M N (z;g) 



( R;(z;g) d,fiW d$\ 





V o 



-Dp' b ? -D%ef J 



(2.22) 



R^(z;g) is a representation of the superconformal group. Under the successive supercon- 
formal transformations, z — z' z" giving z > z", we have 

R(z;g)R{z';g') = R(z;g"). (2.23) 

Infinitesimally z' — z + fc, eq.( |2.19| ) gives 

Daah^ = -2i(a»\ a ) a , Dg/i" = 2i(AV) A , (2.24) 

where we define 



A a — 59 a , 



X a = 59 a , 
W = 5x» + i59 a a^9 a - i9 a a^89 a 



Infinitesimally from eq.( [2.15| ) is of the form 



so that the condition ( 2.21|) reduces to the ordinary conformal Killing equation 



(2.25) 



(2.26) 



(2.27) 



2 More explicit form of Km* is obtained later in eq.(3.49) 
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Eq.( [2.27D follows from eq.( 2.24| ). Using the anti-commutator relation for D aa and D\ ( j2.11 ) 
we get from eq.( |2.24| ) 



6 a b d v h» = \ (D aa (\ b a^ v ) a - {d v <r*Dl\ a ) & ) , (2.28) 

and hence 

8 a \d^h v + dvhp) = (D aa X ba - D b tX)r)^ , (2.29) 

which implies eq.( [2.27 ). Thus eq. ( |2.24| ) is a necessary and sufficient condition for a super- 
coordinate transformation to be superconformal. 
With the notation as in eq.( |A.15|) we write 



h • = h^a ■ 



and using eq. (|A.7| ), eq. (|2.24|) is equivalent to 



or 



while X aa , A" are given by 



8 a 



\<x = jl n h Aa 



(2.30) 

(2.31) 
(2.32) 

(2.33) 



Eq. (|2.31|) may therefore be regarded as the fundamental superconformal Killing equation 
and its solutions give the generators of extended superconformal transformations in four- 
dimensions. The general solution isf] 



h(z) = x_bx + - x_ (w - §A + 4p a 6» a ) + (w + §A - 46» a p a )x H 

-m a t\e b + 2Vie a e a + 4i(e a e a - e a e a ) + a , 



(2.34) 



where a M , 6 M , A G M, f2 G 5 1 , t G su(AT) and for = —w Vil we define 



For later use it is worth to note 



w = I w flu a fl cr' / . 



(2.35) 



ew t e 1 = —w 



e 1 w t e = —w 



3 A method of obtaining the solution ( 2.34 ) is demonstrated in Appendix 



(2.36) 
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Eq. (j2.34|) also gives 

A a = e a + §(A + itt)6 a - 6 a w + t\6 b + 6 a hx + - ip a x + - 4(6 a p b ) 6 b , (2.37) 

and 

5x + = x+bx + - Ax+p a 6 a + Ax + + U7x + - x+w + Aie a 6 a + a . (2.38) 

Note that <5x + ,A a are functions of x + ,6 a only, which can be also directly shown from 
eq.( |2.24| ). In fact, the superconformal group can be obtained alternatively by imposing 
the super-diffeomorphisms to leave the chiral subspaces of superspace invariant. The chiral 
structures are given by 

z ™+ = (x£, 9°°) , z M ~ = (xt,6%) ■ (2.39) 

In this approach, one needs to solve a reality condition p9|.p0| 

5x + (x +1 6) -5x_(x_,0) = 4i\ a (x_,6)6 a + 4i6 a \ a (x + ,6) . (2.40) 

2.3 Extended Superconformal Transformations 

In summary, the generators of extended superconformal transformations in four- dimensions 
acting on the four-dimensional superspace, K 4 ' 4 ^, with coordinates, z M = (x M , 9 a , 8 a ), can 
be classified as 

1. Supertranslations, a, e, e 

Sx^ = a> M + ie a a»6 a - iO a a»e a , 59 a = e a , 59 a = e a . (2.41) 

This is consistent with eq.(|2.7|). 

2. Dilations, A 

Sx" = Xx» , 59 a = \\e\ 56 a = \\6 a . (2.42) 

3. Lorentz transformations, with w, w defined in eq.( |2.35| ) 



5x » = w ^ x u ; 56 a = _Qa r[jj ^ ^ = ^ _ ( 2 43 ) 

4. .R-symmetry transformations, XJ(J\f), of dimension A/" 2 , t, Q 

5x> x = 0, 56 a = t\0 b + i\Vie a , 56 a = -6 b t b a - i\Vl6 a , (2.44) 

where the M x M matrix, t, is a SU(A0 generator, i.e. ^ = -t, t a a = and O G 5 1 . 
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5. Special superconformal transformations, b, p, p 

8x" = 2x-bx» - x 2 b>* + 6 a a^x +Pa + p a x^6 a + 29 a h9 b e b a^9 a , 

S6 a = 6 a bx + - ip a x + - A(6 a Pb )6 h , (2.45) 

56 a = xJo6 a + ix^p a - Ad b {p h e a ) ■ 

2.4 Superinversion 

In four-dimensions we define superinversion, z M z' M = (x />J ',8' aa ,9'") G R 4 ' 4 -^, by 

x'l = -% , & at = -i\ e- l x_B h C ba , 0> a = i\ ^ X A° ht Cba , (2.46) 

iJu iXj Ju _|_ 

where M x jV matrices, C ab , Cab satisfy 

C^C&c = 5 a c , C a6 = C ba , Ca6 = (C a6 )* • (2.47) 

Eq.( |2.46 ) may be rewritten as 



1 

9 

xt 



e ia = i— e a x^ , e a = -c ha eie 



&a = — i— X+^a , a = e9 bt (ba ■ 



(2.48) 



x -\ 

It is easy to verify that superinversion is idempotent 

i 2 s = 1 ■ (2-49) 

Using 

e = = dx + - 4i6 a d9 a , e = = dx + + 4id6 a d a , (2.50) 

we get under superinversion 

e(z') = x~ 1 e{z)xZ 1 , e(z') = xl 1 ^)^ 1 , (2.51) 

and hence 

e 2 {z') = Q 2 (z;i s )e 2 (z), n(z;i s ) = ^== . ( 2 .52) 

'x+xt 



Eq. (j2.5lD can be rewritten as 



e^(z') = e v (z)R„ fl (z:i 



R^(z;i s ) = Itifcz^x+a 11 ) = ^(x^x! 1 ^) 



(2.53) 



or using eq.( |A.6b| ) 



RilV & O = ^t( x + x - + x - x + ~ V^x+'X- + ie»\ p x x _x p + ) 



(2.54) 



i s ogoi s 

If we consider a transformation, z ► z , where g is a four- dimensional supercon- 



formal transformation, then we get from eqs. (|2.37| , |2.38| ) 

5x' + = x' + ax' + - Ax' + e a 9' a - Ax' + + wx' + - x' + w + Aip a 6' a + b , 

59 ,a = p a - |(A + in)6' a - 6 ,a w - {(tX) a b 0' b + 9 ,a ax' + - fe a x' + - 4(6' a £ b ) 9 ,b . 
where 



ba 



Pa = e V W Cfta , 



Hence, under superinversion, the superconformal transformations are related by 



K = 



/ 


«/' 


\ 




( 


V 


\ 




//' 








a" 






e a 








p a 






Pa 














A 








-A 






n 








-n 


















\ 


t b 


/ 




V 


-(a'cn 


/ 



In particular, special superconformal transformations ( |2.45| ) can be obtained by 

i s o(b,p)oi 3 



(2.55) 



(2.56) 



(2.57) 



(2.5* 



where (b, p) is a supertranslation and w = p act , 
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2.5 Superconformal Algebra 

The generator of infinitesimal superconformal transformations, C, is given t 

C = h»d, + \ aa D aa -\«Dl. 
If we write the commutator of two generators, C\, C 2 , as 

[£ 2 , A] = £3 = ^ + XTDaa ~ XtaBZ > 

then /ig, Ag", Ag a are given by 

h% = h%d v h% + 2iX a 1 a»X 2a - (1 <-> 2) , 

xr = h^xr + xfD hp xr -(1^2), 

Af a = « - A4^A? a - (1 - 2) , 

and ^.3, Ag", Ag a satisfy eq. (|2.24j ) verifying the closure of the Lie algebra. 
Explicitly with eqs. (|2.34j J2T37| ) we get 

a% = w%a v 2 + Ai4 + 2ie a 1 a fM e 2a - (1 <-> 2) , 

e% = -e%w x + \X x e a 2 - ip\^ 2 + t° ft 4 + i\Sl x s a 2 - (1 «-> 2) , 

^3a = ^1^2a + |Ai£ 2a + «a 2 pi a - £ 2 6^a ~ ^l^a - (1 2) , 

A 3 = 2a 2 -6x + 2{p\e 2a + e a 2 p la ) - (1 <-> 2) , 



2(a£6? - a£&£) + 2{e a 2 a^p la - RaWe^) - (1 



&£ = w^b v 2 - X^ + 2ip\d»p 2a - (1 <-> 2) , 

P3a = Wlp2a ~ \Xip 2a + lh 2 £ la - p 2b t\ a - Z§^ip 2a - (1 2) , 

Pi = -p>i - \Xip a 2 - ^b 2 + t a lb p b 2 + qn lP - a 2 - (1 2) , 

<f& = (tit 2 ) a b + 4{e a lP2b - p a 2 e lb ) - jj{e\p 2c - p c 2 e lc )5\ - (1 <-> 2) 
n 3 = 2i(4 - l)(e a 2 p la - ple 2a ) - (1 <- 2) . 
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From eq.( [2.62 ) we can read off the explicit forms of four-dimensional superconformal alge- 
bra as exhibited in Appendix |C|. 



Now, we consider Af 7^ 4 case and Af = 4 case separately. For Af 7^ 4 case, if we 
define a (4 + Af) x (4 + Af) supermatrix, M, as 



M 



( w + \\ + i\ip 
—ib 



w 



2e b 
2 Pb 



V 



2p a 



where 



2e a t\ + ijji)8\ 



n 



± - 1 



then the relation above (|2.62| ) agrees with the matrix commutator 

[M h M 2 ]=M 3 . 
This can be verified using eqs. ( |A. 7 , |A. 1 1| , |AT2]) . 

In general, for Af ^ 4, M can be defined as a (4, Af) supermatrix subject to 



str M = 



and a reality condition 



BMB~ 



-Aft 



B 




Supermatrix of the form ( |2.63| ) is the general solution of these two equations. 
The 4x4 matrix appearing in M, 

( w + |A — ia \ 
\ -ib w-\\)> 



(2.63) 



(2.64) 



(2.65) 



(2.66) 



(2.67) 



(2.68) 



corresponds to a generator of 0(2,4) = SU(2, 2) as demonstrated in Appendix [D[ Thus, 
the Af 7^ 4 superconformal group in four-dimensions may be identified with the supermatrix 
group generated by supermatrices of the form M (|2.63|) , which is SU(2, 2|JV) = G s having 
dimensions (15 + Af 2 \8Af). 
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When M = 4, similar analysis is also possible with a subtle modification. In this case, 
M is a (4, 4) supermatrix satisfying the reality condition ( |2.67| ) and, instead of eq. ( |2.66| ) . 



str M = -2iQ . (2.69) 
Such a supermatrix, M, is of the general form 

M = M + i\n ( ° ° ° ) , (2.70) 



where Ai is of the form ( |2.63| ) with if> = 0, and ip in eq.( 2.70|) is just an arbitrary real 
bosonic variable. Essentially we add the Q term to eq.( |2.63| ) to get eq.( p.70| ). Same as 
TV 7^ 4 case, the matrix commutator of Mi and M 2 reproduces eq.( |2.62j) as in eq. (|2.65|) , 
though ijj is arbitrary. 

As the variable, t/>, is auxiliary, one might be tempted to fix its value, or more generally 
let it be a function of the parameters of superconformal transformations, a M , 6 M , Q, ■ ■ ■ and 
try to determine the function. However, this is not possible. The commutator of .Mi and 
M.2 includes ip type term 

[M 1 ,M 2 }= M 3 + i\4j 3 1, 

(2.71) 

and ?/>3 can not be expressed in terms of the parameters, ag, 63, Q 3 , ■ ■ •, appearing in 
eq. (|2.62|) . Hence it is not possible to put ^ as a function of the superconformal transforma- 



tion parameters.^ Therefore four- dimensional Af = 4 superconformal algebra is represented 
by (4, 4) supermatrices, M, satisfying the reality condition (|2.67|) with an equivalence rela- 
tion, ~, imposed 

Mi ~ M 2 if Mi - M 2 = zip 1 for some ijj E R . (2.72) 

We note that an extra condition, strM = 0, defines an invariant subalgebra of the whole 
four-dimensional M = 4 superconformal algebra. This invariant subalgebra forms a simple 
Lie superalgebra. In the literature the four- dimensional M = 4 superconformal algebra is 
often identified with this simple Lie superalgebra, the i?-symmetry of which is su(4) rather 
than u(4) ||18| , as the Q term in eq. ( |2.70|) is neglected. However, we emphasize here that 
the whole M = 4 superconformal algebra may contain a u(l) factor which has non-trivial 

4 An alternative approach may be taken as in JH| , where a modified supermatrix commutator is intro- 
duced for SL(m|m). 
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commutator relations with other generators as seen in eq.( 2.62 ) or eq.( 

The M = 4 superconformal group in four- dimensions, G s , is now identified with a 
quotient group of the supermatrix group, as it is isomorphic to the supermatrix group 
generated by supermatrices of the form M ( |2.70| ) with an equivalence relation imposed on 



the supermatrix group element, G, from eq. fl2.72|) 



Gt ~ G 2 if G{ 1 G 2 = 1 for some if) e R . (2.73) 

We also note that the four-dimensional M = 4 superconformal group has dimensions (31 1 32) 
and is isomorphic to a semi-direct product of U(l) and a simple Lie supergroup. Therefore, 
by breaking the U(l) symmetry, the four- dimensional M = 4 superconformal group can be 
reduced to the simple Lie subgroup having dimensions (30|32). 



3 Coset Realization of Transformations 

In this section, we first obtain an explicit formula for the finite nonlinear superconformal 
transformations of the supercoordinates and discuss several representations of the super- 
conformal group. We then construct matrix (vector) valued functions depending on two 
(three) points in superspace which transform covariantly under superconformal transforma- 
tions. These are crucial variables for obtaining two-point, three-point and general n-point 
correlation functions later. 



3.1 Superspace as a Coset 



To obtain an explicit formula for the finite nonlinear superconformal transformations, we 
first identify the superspace, R 4 ' 4 ^, as a coset, G s /Go, where Go C G s is the subgroup 
generated by matrices, Mo, of the form ( |2.63| ) with a M = 0, e a = and depending on 
parameters 6 M , p a , p a , A, Q, w^, t a b . The group of supertranslations, Gt, parameterized 
by coordinates, z M e R 4 ! 4 ^, has been defined by general elements as in eq.(^.3[), with the 



group property given by eqs. (|2.6| , p77|) . Now we may represent it by supermatricesQ 



Gt(z) 



exp 




/ 1 — ix + 

1 
V 29 a 




(3.1) 



Note that G T {z)- 1 = G T (-z). 

In general an element of G s can be uniquely decomposed as GtGq. Thus for any element 



3 The subscript, T, denotes supertranslations. 
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G(g) G G s we may define a superconformal transformation, and an associated 

element G (z; g) G G by 



G(g)- 1 G T (z)G (z;g) = G T (z') 



(3.2) 



If G(g) G Gt then clearly Gq{z; g) = 1. 
Infinitesimally eq.( |3.2| ) becomes 



( w(z) + \\{z)+i\^{z) 
—ib 



V 



o 

ti(z) - \\{z) + i$(z) 2p b (z) 

t a b {z)+i^{z) + 5\n)5 a b ] 



(3.4) 



5Gt(z) = MG T (z) - G T (z)M (z) , (3.3) 
where M is given by eq. (|2.63|) or eq.( [2.70|) and Mq(z), the generator of Go, has the form 

M (z) 

n \ 

w(z) — \\ 

2p a (z) 

The components depending on z are given by 

w(z) = w- 46 a p a + x_b + ±tr(4# a p a - x_b) 1 , 

ti( z ) = w + Ap a 9 a - bx + - \ti(Ap a e a - bx+) 1 = -w(z) ] , 

\{z) = A + + 2(0°p a + p a # a ) = \d^(z) , 

^ (*) = V + 29 a hd a + 2i(0°Pa - P a a ) , 

= t» 6 + m a hd h + A(p% - e a Ph ) - ±(Ai6 c he c + Ap c e c - 46 c p c )5 a t 

Pa{z) = Pa~ ib9 a = -i\a^d^\ a (z) , 
} a [z) = p a + i6 a b = p a (zY . 



(3.5) 



Writing SGt(z) = CGt(z) we may verify that £ is identical with eq.( [2.59| ). 

w(z), w(z) can be also written as w(z) = \w liv (z)a^a u , w(z) = \w jiV {z)a ii d v , with 
w^{z) = w^ u + Ax {lJ b u] + 9 a cr [fl a u] (2p a - ib9 a ) - (2p a + iO^a^a^Oa = -d [lx h v ](z) . (3.6) 
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The definitions ( |3.5| ) can be summarized by 

D bp \ aa = i6 h a 5f(\(z) + iCl(z)) - 5 b a ^{z) + 5ft\{z) , 

and they give 

[D aa , C] = §(A» + iCl{z))D aa - tiJ{z)D a p + t b a (z)D ba , 

where 



(3.7) 

(3.8) 
(3.9) 



For later use we note 



DaaW^z) = 2{a^ l a u] ) Pp a p(z) , 

D aa X(z) = 2p aa (z) , 

D aa i)(z) = 2ip aa (z) , 

D a J b c (z) = -^ a b p ca {z) + £5 b c p aa (z) . 

The above analysis can be simplified by reducing Gq(z; g). To achieve this we let 

/ 
Z = 10 
\0 1 



(3.10) 



(3.11) 



and then 

M Z = Z H 
Now if we define 



w — |A + i\i\> 




Z{z) = G T {z)Z 



2p b 

-ix + 26b 
1 
29 a 5\ 



then Z(z) transforms under infinitesimal superconformal transformations as 

8Z(z) = CZ{z) = MZ{z) - Z{z)H{z) , 



(3.12) 



(3.13) 



(3.14) 



16 



where H(z) is given by 

(3.15) 

From eqs.( p.60| , |2.65|) considering 



we get 



[£ 2 ,C x \Z{z) = C 3 Z(z) 



H 3 {z) = C 2 H 1 (z) - L x H 2 {z) + [Htiz^H^z)) , 



(3.16) 



(3.17) 



which gives separate equations for w, A, xj), p a and t a b, thus A3 = C 2 \i — C\\ 2 , and so on. 
As a conjugate of Z(z) we define Z(z) by 



This satisfies 



Z(z) = Z(0)G T (z)- 1 



and corresponding to eq. (|3.14j ) we have 

8Z(z) = CZ(z) = H(z)Z(z) - Z{z)M, 

where 



H(z) 



w(z) + \\{z) +i\i>{z) 
2~p a (z) 







i\(z)++i%{i>(z)+5 A Ar n)8 a b 



(3.18) 
(3.19) 
(3.20) 

(3.21) 



3.2 Finite Transformations 



Finite superconformal transformations can be obtained by exponentiation of infinitesimal 
transformations. To obtain a superconformal transformation, z — z' , we therefore solve 
the differential equation 



— zf 1 — C M (z t ) , z — z , 

where, with C given in eq. (|2.59|) , C M (z) is defined by 

C = C M (z)d M . 



Z\ = z , 



(3.22) 



(3.23) 
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From eg. ( p. 14 ) we get 

^Z(z t ) = MZ(z t ) - Z(z t )H(z t ) , (3.24) 

which integrates to 

Z(z t )=e tM Z(z)K(z,t), (3.25) 

where K(z, t) satisfies 

^K(z, t) = -K(z, t)H(z t ) , K(z, 0) = f J (3.26) 

Hence for t — 1 with K(z, 1) = K(z;g) the superconformal transformation, z — — > z', from 
eg. (|3.25|) becomes 



Z(z') = G(gy 1 Z(z)K(z; g) , G(g)- 1 = e M . (3.27) 

Go(^; 5 1 ) m eg.([3.2[) is related to K{z\ g) from eg.( |3.27| ) by 

G (z;g)Z = Z K(z;g). (3.28) 
In general K{z\ g) is of the form 

Klr, t ).{^' ] 2 XD- (3 ' 29) 

From 

^(z) - §A(z) + i$(z) =w-\\ + i\i) + Ap a 9 a - bx + , (3.30) 
L(z + ; g) is defined on chiral superspace, and since L(z + ; g) is a 2 x 2 matrix, we have 

£(^+; 9)tL(z + ; gf = det L(z+; #) e . (3.31) 

Infinitesimally this is consistent with eq.( [2.36| ). 

We decompose L(z + ; g) as 

L(z + ; g) = n + (z + ; g)-^L(z + ; g) , (3.32a) 

tt+(z+;g) = det L(z + ;g) , (3.32b) 

where L e SL(2,C), the 2x2 matrices with determinant one. 

Since ^u(z,t) = —u(z,t)(t(z t ) + ijjip{z t ) + i\5 A >/■ Vt) , = m^ 1 and hence u G U(AT)- 
If we write 

u{z;g) = -T-, (3.33) 

(detu(«;s'j)w 
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then u G SU(AT). 

From eq.( |3.27|) Z transforms as 

Z(z') = K{z;g)Z(z)G(g) 

where 

K{z-g)=(\ _° 1 )^^) t (j _° 1 ) = 

L(z-\ g) = L(z + ; g) ] , E(z; g) = E(z; g) ] . 

In a similar fashion to eq.( |3.32a| ) we write 

L{z_;g) = n_(z_;g)- l 2l(z_;g) = L(z + ;g)^ G SL(2,< 



L(z_;g) 
-2t(z;g) u-\z-. 



Q-(z~;g) = det L(z^;g) = £l+(z + ; g)* 
If we define for super inversion, z a;', (|2.48 ) 



/ e 
e" 1 
V -C ab 



K(z; i s 



Hex i 



- 1 2i5cZ 1 c ( cb 
-v a c (z)C cb 



an analogous formula to eq.( p.27|) can be obtained 



G(i s )~ 1 Z(z)K(z; i s 



1 







-26> /a< 


20* 


A a 
°b 



Z{zJ . 



Similarly we have 
where 



K{z-i s )Z{z)G{i s ) = Z{z 



K(z;i s 



/ -ijx-e) -1 

^ 2<ac# C x; 1 -CacV- 1C b {z) 

For later use, we also define with eq.( [3.9| , |3.22|) 



-T(z,t)=tQ(z t )T(z,t) 



T{z,0) = 1 



?(z;g) = T(z,l) 
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and 

n(z; g) = y/n + (z + ;g)n-(z-;g) . (3.42) 

Note that 

<?)* = <?) , T(z; <?)* = T(z; . (3.43) 

Since 

sdet G = exp(str In G) , (3.44) 
when M = 4, T(z; (?) is related to the superdeterminant of G(g) G G s 

?(z;g) = e in = ^sdet G(g). (3.45) 

If 

^it!/(z; g) = L(z + ; g)^L{z^ g) , (3.46) 
then Rffag) is identical to the definition ( |2.2U| ), since infinitesimally 

A(zK - ^(z)a^ + a»w(z) = X(z)a^ - a u wf{z) = o v d v W(z) , (3.47) 



which agrees with eq. fl2.26| ) . Furthermore eq. ( |3.46p shows that the definition fl2.21| ) of 



Q(z; g) is consistent with eq.( |3.42j ). We may normalize RJ l {z- 1 g) as well 

Rf{z; g) = Q{z; g^R/iz; g) G SO(l, 3) = SL(2, c)/Z 2 . (3.48) 

3.3 Representations 

Based on the results in the previous subsection, it is easy to show that the matrix, 1Z M N (z; g), 
given m eq. (|2~2p is of the form 

K M N (z;g) 

( R^z-g) i(f?{z;g)^L{z + ;g))^ -i(L(z_; g)a ^ b (z; g)f \ 

(n(z;g)?(z;g))sLj ) (z + -,g)u- lb a (z-,g) 

v (?sS)*^^^ ; 

(3.49) 

Since 1Zm N (z; g) is a representation of the four dimensional iV-extended superconformal 
group, each of the following also forms a representation of the group, though it is not a 
faithful representation 

Q(z; g) G D , T(z;g) G U(l) , R(z; g) G SO(l, 3) , 

(3.50) 

L(z + ; g) G SL(2, C) , L(z_; g) G SL(2, C) , u(z; g) G SU(AT) , 
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(3.52) 



where D is the one dimensional group of dilations. 
Under the successive superconformal transformations, 

g» ; z _£_> Z < JU Z ", they satisfy 

fl(z; g)Q(z'; g') = Q(z; g") , and so on. (3.51) 

We note that when M ^ 4, Q + (z + ; g) and fi_(z_; g) can be written as 

Q+(z + ; g) = n(z; g)T{z; g)jfc , 

n4z„;g) = n(z;g)T(z; g)~^ . 

Hence, they also form representations of the M ^ 4 superconformal group. On the other 
hand, in the case of M = 4, due to the arbitrariness of ip in eq.( |2.70| ) L(z + ; g) and L{z_\ g) 
do not form representations. They do so only if the equivalence relation ( |2.73| ) is imposed, 

but this will give just L(z+; g) , L{z-\ g) and fl(z; g). 
3.4 Functions of Two Points 

In this subsection, we construct matrix valued functions depending on two points, z\ and 
z 2 , in superspace which transform covariantly like a product of two tensors at Z\ and z 2 
under superconformal transformations. 
If F(z) is defined for z G R 4|W by 

F(z) = 2(0)Gt(z)Z(P) = ( ~f+ ^ ) , (3.53) 



then F(z) satisfies 



1 \ „, , t ( 1 \ ( ix_ -20 h 



*"<-*) = ( o -i J ( o -i J = ( -29- n J • < 3 - 54 > 

and the superdeterminant of F(z) is given by 

sdet F(z) = -x 2 _ . (3.55) 

If we consider 



21 



then this defines v\(z) as 



v\{z) = 5 a b + 4i—9 a x_9 b . 



xt 



From eqs. (|3.55| , |3.56| ) it is evident that 



It is useful to note 



detv(z) = -2- 

X_i_ 



v\{-z) = v- l \{z) = v\{z) = 5\ - 4i—9 a x + 9 b . 



Now with the supersymmetric interval for R 4 ! 4 ™ superspace defined by 



Gt(^ 2 )~ 1 G' t (z 1 ) = G T (z l2 ) 



'12 



^12) #12) ^12a) 



5 21 i 



la j 



na na na 

U 12 — U l ~ U 2 



'12a 



we may write 



and 



Z{z 2 )Z{ Zl ) = F{z l2 ) 



sdet F(z 12 ) = -x\ 2 , 



IX 21 



-20. 



21b 



-29 a 21 5% 



detv (z 2 i) 



™2 

x 21 

2 ' 
x 12 



where 



^ = x%_ - x^ + - 2i9\o»9 2a = a& + i9 a 2l a»9 2 ia = (x 21 )i 



X 
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- x^ + - 2i9 a 2 o»9 la = xt 2 + i9 a 12 a»9 12a = (x 12 )t 



From eqs.( |3.27| , |3.34| ) F(zx 2 ) transforms as 

F(z' 12 ) = K(z 2 ;g)F(z 12 )K(z 1 ;g). 
In particular, with eqs.( |3.29| , |3.35| ), this gives transformation rules for x' i2 and 

x' l2 = Zr(zi_; g)xi 2 L(z 2+ ; g) , 



x'ax = L{z 2 -\ g)x 21 L(z 1+ ; g) 
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so that 



x 



a 

12 



9)tt+{z 2+ ; g)x 



2 

12 ' 



./2 
21 



ft_(^_;0)ft + (*i + ;</)x: 



2 

21 ) 



and in particular 



xgxg = Vt{z l -g) 2 Vt{z 2 \g) 2 x\ 2 x 



21 i 



X 



X 



21 / 



n 



-21/ T(z 2 ;#) 2 \x\ 

From eqs. (|3.46| , |3.65a|) tr(cr At Xi 2 cr l/ X2i) transforms covariantly as 

trKx^xy = tr(a x i l2 a p 5c 21 )R x p (z 1 ;g)R p »(z 2 ;g) . 
Since f a b (-2 2 i) transforms infmitesimaHy as 

8v(z 21 ) = i(z 2 )v(z 21 ) - v(z 21 )i(zi) + ijf(ip(z 2 ) - ^(z x ))v{z 21 ) 
finitely it transforms as 

v(z' 21 ) = u~ x {z 2 \ g)v(z 21 )u(z 1 ; g) . 
From eqs.( |3.38| , |3.39| ) -F(^i2) transforms under super inversion as 

K{z 2 ; i s )F(z l2 )K(zi; i s ) = F{-z' 12 f , 

which gives 



^2- x 2 i Xi + — — Xj 2 , 



X 



21 



„/_2 

12 — 2 2 ' 

J-2- x l+ 



and 



Eq. ( |3.72 ) shows that eq.( 3.68|) holds for superinversion as well 

tx(a% 2 a u 5f 21 ) = tv(a x 5ti 2 a p ± 21 )R x ' M {z 1 ;is)Rp U {z 2 ;is 



(3.66a) 
(3.66b) 

(3.67a) 
(3.67b) 

(3.68) 

(3.69) 
(3.70) 

(3.71) 

(3.72) 
(3.73) 

(3.74) 
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3.5 Functions of Three Points 

In this subsection, for three points, Z\, z%, £3 in superspace, we construct 'tangent' vectors, 
Zj, which transform homogeneously at Zi, i = 1,2,3. 

With Z21 (221)', 231 (231)', we define zf = (Xf , 6?, U ) G R 4 ' 4 ^ by 

GT^i/r^W) = Gr(Zi) • (3.75) 
Explicit expressions for can be obtained by calculating 

Z((z 31 )')Z((z 2i y) = F(Zx) = ( 2 ® lb ) . (3.76) 



We get 



Using 



Xl+ — — X2 1 1 X 23 X i3 1 , 
©la = ^31a ~ Xji #21a) , ©l = i{Q\2*l2 ~~ ^lsXfty 



(3.77) 



Xl+ — — X i3 1 X 23 X2 1 1 , 

x l3 + x 2l + WuJk = x 23 , (3.78) 



(3.79) 



one can assure 

Xi_ = X 1+ - 4^e la 9? = x^xg^ 1 = X f 1+ , 

X 1 = |(X 1+ + X 1 _)=X 1 %. 

It is evident from eq.( |3.75| ) that under z 2 <-> z 3 , Z 1 — > — Z x . 
Associated with F(z) given in eq. ( |3.53| ) we define F(z) by 

^-(s?H(Sf)-(5i5)- 

With this definition we may write 

F(Zi) = ~ + , 3.81 

where 



(3.82) 
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F(Zi) transforms infinitesimally as 

V *(zi) / 



+ |A(«i) +zi$(*i) 

" t> 1 )+^(^ 1 ) + 5V^) 



and hence for finite transformations 

Thus Zi transforms homogeneously at z 1; as 'tangent' vectors do. 
Explicitly we have from eq. (|3.84|) 

©ia = ^( z u gy^(zi, g)-*L(z 1+ ; g)- 1 Q lb u b a (z 1 ; g) , 

= S )-iT(z i; s)- 1 . 

Xi_ also transforms in the same way as Xi + in eq. ( |3.85|) and hence 

XT = tt{z l -gy l X" 1 R v ^z 1 -g), 

&^& la = £l{z 1 -gy 1 Q a 1 <J v QxaRu> x {zx\g) . 
From eq.( |3.55| ) we get 

sdet F(Zx) = sdet F(z a ) = -X 2 _ - 



/-v»2 ,-. 2 
x 12 ^31 



If we define a function #(2) e U(AT) by 

1 - 

then a direct calculation leads 



v\{z) = (Cv(zYcr b = 6% - Ai-^9 a xJ b , 



u(Zi) = ^13)^32)^21) 
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Similarly for R p v {z\ i s ) given in eq.( |2.53| ) we have 

R(Zi, i s ) = xizxtiX^xiz R{z 12 ; i s )R(z 23 ; i s )R{z zx ] i s 



(3.90) 



From eqs. (|3.68| , |3.70|) v(Zi), R{Z\\ i s ) transform homogeneously at Z\ under superconformal 
transformation, z 



9 -z' 



v(z[)=u 1 (z 1 ;g)v(Zi)u(z 1 ;g) 



(3.91a) 



R(Z[; i s ) = n( Zl ; gynr 1 ^ g)R{z x - i s )R(z 1 ; g) . 



(3.91b) 



Under super inversion, Zj zL j = 1,2,3, Z% transforms to Z' l5 from eq. (|3.72j ), as 



and hence 



X' 1+ — xi + Xi_xi_ , 
X'f = n(z l ;t s )- 2 X<(R^(z 1 ;t s 



(3.92) 



(3.93a) 



®l^®la = -^(zutsy'QWQlaRu^Zuts) 



(3.93b) 



Note the minus sign in eq.( j3.93bD . 

By taking cyclic permutations of z\,z 2 ,z 3 in eq. (|3.77|) we may define Z 2 ,Z 3 . We find 
Z 2 , Z 3 are related to Z\ in a simple form 



F(Z 3 



-ix 2 i 
v{z 21 ) 



-ixj 2 \ 
v(z 12 ) J ' 



-i 



where (z)' = ((X)', (0) /a , (6)'J is defined by superinversion, Z (z)' . 
Explicitly we have 



(X 2 )' + -a = X2iX 1+ x l2 



(e 2 y = -iv a b {z 21 )Q\z l2 



(3.94) 



(3.95a) 



X 3+ =X3 1 1 (X 1+ )'-ax I - 3 1 



13 ' 



(3.95b) 
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From eqs.( |3.77| , |3.79| ) we get 



xl 



111 

a 12 x 23 a 31 

2 2 2 
X 21 X 13 X 32 



X\+-X\_ 



xl + xl 



tr(x2iX23Xi 3 X l2 X32X3l' 



2 2 2 2 2 2 
j, 12 a, 21 J- 23 a, 32 x 31 x 13 



These expressions are invariant under cyclic permutations of Zi, 2 2 , z 3 and hence 



(3.96a) 
(3.96b) 

(3.97a) 
(3.97b) 

/ v2 V2 I v2 y2 / y2 v2 ' 

/A 1+ A 1- V 2 + 2 - V 3 + 3 " 

From eq. (|3.86a|) these are invariants for any continuous superconformal transformation and 
furthermore from eq.(|3.93a|) the latter is invariant under superinversion along with 



xh 
xl 



X$-t 

xl 



xl 



X\ + -Xi_ 



Xo+-Xo- 



Xn±-Xn 



xl , xl 
xl 



+ 



xh 



(3.98) 



Note that such invariants, depending on three points, do not exist in ordinary conformal 
theories and that in the case of M = 1 due to the identity ( A.19a| ) those two variables are 
not independent |24],p5 . 



4 Superconformal Invariance of Correlation Functions 



In this section we discuss the superconformal invariance of correlation functions for quasi- 
primary superfields and exhibit general forms of two-point, three-point and n-point func- 
tions. 

4.1 Quasi-primary Superfields 

We first assumef] that there exist quasi-primary superfields, ^f T (z), which under the super- 
conformal transformation, transform as 

— > -qt'i ; ^(z') = ^ J (z)D/(z; g) . (4.1) 

6 In p3] it was explicitly shown that the chiral/anti-chiral superfields and supercurrents in some TV = 1 
theories are quasi-primary. 
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D(z;g) obeys the group property so that under the successive superconformal transforma- 
tions, g" : z — z' *> z", it satisfies 

D(z;g)D(z';g') = D(z;g"), (4.2) 

and hence also 

D(z ]g y l =D{z' ]g - 1 ). (4.3) 

We choose here D(z;g) to be a representation of SL(2, C) x SU(jV) x U(l) x D, which is 
a subgroup of the stability group at z — 0, and so we decompose the spin index, I, of 
superfields into SL(2,C) index, p, and SU(AT) index, r, as \I/ 7 = \l/ p r . Now D/(z;g) is 
factorized as 

D/(z; g) = D;(L(z + ; g))D r s (u(z; g))Q(z; g)'^{z; g)~ K , (4.4) 

where D a (L), D r s {u) are representations of SL(2,C), SU(AT) respectively, while r\ and k 

are the scale dimension and i?-symmetry charge of ty p r respectively. 

Infinitesimally 

SV'riz) = -(£ + rjX^z) + mn(z))V> r (z) - m%{z)\{s^)^w^{z) - ^ p s{z)\{s\) s r i h a {z) , 

(4.5) 

where s^ u , s a b are matrix generators of SO(l,3), SU(AT) satisfying 



[s a b ,s c d }=2(S a d s\-S c b s a d ), 



(4.6) 



and hence 



[\s a b t b ia, \s c d ti^\ - |s a Jti, t 2 ] b a . (4.7) 



From eqs.( |3.15| , |3.17| ) using eq.( |4.6| ) we have 

5 3 W r = [8 2 ,8 1 ]W r . (4.8) 
It is useful to consider the complex conjugate superfield of \I/ P r 

#p r (z) = ^ p r (zY . (4.9) 

ty pr (z) transforms as 

^{z') = Q(z; g)-*T(z; gYD p a {l{z^ g))D r s {u{ Z] g)- 1 )**^) . (4.10) 
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Superconformal invariance for a general n-point function requires 

(^( Zl )^(z 2 )---^(z n )) = (^( Zl )^(z 2 )...^(z n )). (4.11) 

In superconformal field theories on chiral superspace, the representation of U(l) x D is 
given by 

n + (z + ;g)~\ (4.12) 
so that for M ^ 4, rj and k are related by, from eq. (|3.52|) , 

v + (^-1)k = 0. (4.13) 

On the other hand when M = 4, as shown in subsection |3.3| , Q + (z + ; g) does not form a 
representation of the Af = 4 superconformal group, and hence there is no conventional 
way of defining quasi-primary chiral/anti-chiral superfields in M = 4 superconformal the- 
ories. We speculate that this fact makes it difficult to construct four-dimensional M = 4 
superconformal theories on chiral superspace. 



4.2 Two-point Correlation Functions 

The solution for the two-point function of the quasi-primary superfields, \l/ p r , \I/ pr , has the 
general formQ 

s(z 2 )) - ^^yK.-C^-!).)^)!^^-^) > ( 4 - 14 ) 



where we define 



Xl2 = -^r e SL(2, 

(xf 2 )l 



-2 \ 77 



(4.15) 



v\(z 12 ) = p|i ) (5 a 6 + 4z^ 2 xr^ 126 ) G SU(AT) 

\ X 12/ 



and J p<J (xi 2 ), -f r s("0(-2i2)) ar e tensors transforming covariantly according to the appropriate 
representations of SL(2,C), SU(AT) which are formed by decomposition of tensor products 
of x l2 , v(zn). 



7 See subsection 4.4 for a proof. 
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Under superconformal transformations, I pu (yL\ 2 ) and I r s (v(zi 2 )) satisfy from eqs.( ^TB5a , 3.70 ) 



D(L(z^;g))I(h2)D(L(z 2+ ;g)) = /(x' l2 ) , (4.16a) 

D(u{ Zl ; g)- l )mz 12 ))D(u{z 2 - g)) = I(v(z[ 2 )) . (4.16b) 

As examples, we first consider the chiral/anti-chiral scalar and spinorial fields, 
S(z + ), S(z_), (p a (z + ), (j) a (z_) in Af 7^ 4 theories which transform as 

S'(z' + ) = Q + (z + ;g)^S(z + ), (4.17a) 

S'{z'_) = Sl_(z-',g)-*S(z-) , (4.17b) 

<f>' a (z' + ) = n + {z + ;g)-^{z+)Lf{z + ;g) , (4.17c) 

4>'«{z'_) = n_(z_;g)- r >L%(z_;g)^(z„) , (4.17d) 



so that from eg. ( |4.13| ) r\ + (A — 1)k = and s^ u — > ^cr^a^ for the spinorial fields. 



The two-point functions of them are 

1 
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(S(zi_)S(z 2+ )> = Cs-^- , (4.18) 



(r(z^)rM) = c^-^L- . (4.i9) 

For a real vector field, V^(z), where the representation of SL(2, C) is given by R^{z; g) 
and the i?-symmetry charge is zero, k = 0, we have 

{V»{z x )V v {z 2 )) = Cv 1 ^^ , I^(z 12 ) = itr(^x l2 ^x 2l ) . (4.20) 

l J '12 J '21/ 



From eq.( [A.10|) one can show 

Invizvi) = ^^(cr^xiacr^xai) = 1^(0-^X21^X12) , (4.21) 

where 

x = "t~tt = * _1 . (4.22) 
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Hence I^ u {zx 2 ) satisfies 

I tlu (z 12 )I Xu (z 12 )=S\. (4.23) 

Note that 1(212) oc R(zi 2 ] i s ), where R(z; i s ) is given by eq.( |2.53| ). 
For gauge fields, ij) a (z), ?p a {z), which transform as 

^> a (z>) = n{z; g)-*T(z; g)- K A(z)u b a {z; g) , (4.24a) 

ij/*(z>) = n(z; g)^T(z; g) K u- la b (z; g)^ b (z) , (4.24b) 
the two-point function of them is 

m^) = C ^^^^ H ,_ m . (4.25, 

Note that to have non- vanishing two-point correlation functions, the scale dimensions, 77, 
of the two fields must be equal and the i?-symmetry charges must have the same absolute 



value with opposite signs, k, —k, as shown in subsection |T4| later. 
For a real vector superfield, V ll (z), if we define 

V Qd (z) = a^aV^z) , (4.26) 

from eq.( [4.20[ ) we get 

(V^i)V^)> = 2C v ^^. (4.27) 

From 

D aa ( Zl )x^ = 2i{a»9 1 2a)a , D aa ( Zl )x^ 2 = , (4.28) 
with D aa = ( ab e- la/3 D b/3 we get 



D aa ( Zl )(v a6l ( Zl )v^(z 2 )) = azc v ( V - 3) , , i2 r;:;i, , (4.29) 



^12/3 ( x )p& 

(4 2 xl)^ 



and hence (V a&(zi)V 3/3(22)) is conserved if 77 = 3 

£> aa (2i)(V ad (zi)V^(2; 2 )) = if 77 = 3 . (4.30) 

The anti-commutator relation for D aa ,D b & ( |2.11| ) implies also 



^ r <V(«i)V(2i,)> = if 17 = 3. (4.31) 
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4.3 Three-point Correlation Functions 

The solution for the three-point correlation function of the quasi-primary superfields, 
has the general form^ 



(K(*l)*2.(*2)*3t(*3)> 

g^ s V^(Zl)/ (TV (Xl2)/ r/T (Xi3)/ 5/ s(i)(^l 2 ))/^(^(^13)) 



where Z X M = (Xf , 6?, 6 la ) G R 4|4Ar is given by eq.(l3~75p 



Superconformal invariance (|4.11 ) is now equivalent to 



H^ rasTt (ti)D/(L) = HP ru , ST , t {Z>)D°' a {L)D-' T {L) 

t M = {x v r v »{l), e a L, ie a ) , 

HP r/M (z)D r ' r (u)D s ' s (u)D t ' t (u) = H<> raSTt {z") 
H>> rerSTt (z) = X^-^HP raSTt (z"') , 



1 ^ „ , 1 ^ 



Z ,//M = (AX", Af9 a , A3 9 ), 



(4.32) 



(4.33a) 



(4.33b) 



(4.33c) 



(4.33d) 



z „„m = e i|f> e a ; e -^ n a ) . 
Note that L G SL(2, C), w G SU(W), A G R, Q G S 1 and R V ^(L) is given from eq. (gjg) by 

R V »{L) = \te(a v La*L) . (4.34) 



In general there are a finite number of linearly independent solutions of eq. (|4.33a|) , and 



this number may be reduced by imposing extra restrictions on the correlation function. 



See subsection 4.4 for a proof. 
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As an example, we consider the three-point correlation function of a real vector superfield, 
V lx (z), where k = 0. From eg. Q4.32|) we may write 



(V^ Zl )V^z 2 )V\z 3 )) 



(<y 2 ,y»2 ,-|t2 ,y,2 \ ^7 
x 12 x 21 A 31 x 13y i 



(4.35) 



Since eq. fl4.33a|) is obtained by considering invariance under continuous superconformal 
transformations, invariance under super inversion which is a discrete map may give an extra 
restriction. Besides the superconformal invariance, the three-point function has additional 
symmetry under permutations of the superfields. Furthermore, for supercurrents we may 
require the correlation function to satisfy the conservation equations like eqs.( |4.30| J4.31| ). 
More explicitly, under superinversion we may require V^(z) transforms to 



V'»{z') = -V u (z)R^(z; 



(4.36) 



The occurrence of the minus sign in Af = 1 Wess-Zumino model and vector superfield 
theory was verified in [24|. Invariance under superinversion, Zj z'j, j 



using eqs. (|^5l , |3T7^ , |3~7^ ) 

m'"' x '(Z 1 )R^(z 1 ; i s )R v , v {z x] i s )R X ' X {z 1 ] i s 
which also implies using eqs. (|3.92| , |3.95a| ) 

VA 



Q(z 12 ; i a y>H» v (Z l )R^(z 12 ; i s )R u > v (z 12 ; i 8 )R x >\z U ] Q = 

where {Z 2 )' is given by superinversion, Z 2 (Z 2 )' '. 

From (V^(zi)V u (z 2 )V x (zz)) = (V»(zi)V x (z 3 )V u (z 2 )} we have 



-ir^ i; gi^Vi), 
= -H^ x (-(z 2 y) 



1,2,3, implies 
(4.37) 



H^ x {z) = H» Xv 



-Z) 



(4.38) 



(4.39) 



and from O^OO^^V^a)) = (V l/ (z 2 )V x (z 3 )V tl (zi)) we have using eqs. ( |33D| , ^3"BQ with 

Z (Z)' 

H» vX (-(Z)') = -fi(Z; i s )~ v H ,/X ' fl (z)R xl x (Z; i s ) . (4.40) 

Imposing these extra conditions it was shown that the three-point correlation functions of 
supercurrents in M = 1 theories have two linearly independent forms [25|. Similarly, the 
three-point functions of real scalar superfields in TV = 1 theories have also two linearly 
independent solutions . 

Invariance under i?-symmetry transformations ( |4.33b| ,d) implies that H^ uX (z) is a func- 
tion of X M , 6 aQ 9" or equivalently X M , 6V M 6 a , as demonstrated in subsection fl5l and 
hence we may put 

H^iZ) = H» vX (X x , 6V A a ) . (4.41) 
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4.4 n-point Correlation Functions - in general 

In this subsection we show that the solution for n-point correlation functions of the quasi- 
primary superfields, \l/ p r , has the general form 

-h* (7 7 m i^HMlSM^ (4 ' 42) 

- H rip , r ,... p ,y n {Z 1{lh • • • , Z 1(n _ 2) ) 11 — i (??fe+( 4_ lW) , 



where in a similar fashion to eq. Q3.75 ) Zim, • • • , Zi( n _2) are given, with z^i — ^ z^i, > 2, 

by 

GrC^-'GiWi) = G T (Ziy_i)) , j = 2,3,...,n-l. (4.43) 

We note that all of them are 'tangent' vectors at zi. 
Superconformal invariance ([4.11 ) is equivalent to 



HPl r lP2 r2-p„r n {%(l), ' " ' , %(n-2)) D p'/ 1 {L) = H Pl ^^...^(Z'^, ■ ■ ■ , Z( n _ 2) ) J| Pk( L ) > 

fc=2 (4.44a) 



= (x^^^l), e^L, Ley,.) 



n 
fe=l 



H P1 r' lP2 r' 2 -pnr' n ( Z (i), " " " > Z (n-2))II ^^(w) = H pi rin „, „..,, (.3',', 1 



(4.44b) 



£7Pi (>,..s ... 7- _0 — \-7i+TpH VrtnTTpi (jin . .. ~/// \ 

ri/52ra"-pnr n ^(l)> > ^(n-2)) — A 12 r 1 p 2 r 2 -p„r n \^'(l), > A (n-2); 

Z (i) - e 2 U 0')' e 2 U (j)aJ • 



(4.44c) 



(4.44d) 



Thus, in general n-point functions reduce to one unspecified (n — 2)-point function which 
must transform homogeneously under the rigid transformations, 
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SL(2,C) x SU(7V) x U(l) x D. 
Proojf\ 

Without loss of generality, using the supertranslational invariance we can put the n-point 
function with z^i -^-> zja, k > 2 as 



'H pl rip' 2 r' 2 - P ' n r' n (z2l, z 31, " " " , Znl) JJ 



(4.45) 



-- {x 2 )?(Vk-(fi-i)Kk)( x 2 )v(VkH%-l)"k) 



The superconformal invariance of the correlation function ( |4.11|) , using eqs. (|3.67a , |3.85 , 4.16a 
implies 



k=2 

= n( Zl ; g)-^+-+^T( Zl ; ^)-( Kl+K2+ - +K ")^ riP2 ^... Pnr ;(^T, SsT, • • • , z£) 

n 

xD p ^{L{z 1+ -,g))l[D r K k (u(^9))- 

k=l 

Now we consider a superconformal transformation, z -?—>■ z" \ defined by 

G T (z") = G T (z'{)G T (z s (z';u)), 

G T (z') = G T ( Zl )- l G T (z) , 



(4.46) 



(4.47) 



where z s (z'; u) is a special superconformal transformation given in eq. fl2.58|) and z'{ can be 
arbitrary. Since 



G T (4i)=GT(u)G T (zjd for k > 2, 

L(z 1+ ; g u ) = L{z^; g u ) = 1 , J2(^; # u ) = Tfo; flr u ) = 1 , 

^ Pl r-ip2r2--Pnr„(^2i; " • ■ i z ~rix) possesses a supertranslational invariance 



(4.48) 



n 



pi 



,221 j 231, ' ' ' , 2nl) — W 



Pi 



r\piri—pn.r n V''2,\-> ^31) > *nl^ ■ 



(4.49) 



3 The key idea in this proof first appeared in [24 
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Thus we can write 

7~L Pl rip2r2—p„r n ( z 21, z 31i ' ' ' > z nl) = H Pl ri p2r2—p n r„ (^l(l) j ' ' * j ^l(n-2)) ) 

(4.50) 

Gr(Zio-i)) = G T (S^)- 1 G r (zJi) . 



With the transformation rule for Z x ( |3.85| ), eq. (|4.50|) completes our proof. Q.E.D. 



We note that, in the case of n = 2, H pl riP2T2 is independent of Zi,z 2 and eqs.( [4.44c| ,d) 
show that two-point functions vanish if rji ^ r]2 or K\ ^ —K2- Furthermore, if the represen- 
tation is irreducible then if = 1 by Schur's Lemma. 

4.5 Selection Rule &; Superconformal Invariants 

We begin with fields, ^(x), depending on x G K 4 which are obtained by letting the Grass- 
mann coordinates inside quasi-primary superfields, 9 a , 9 a ), be zero 

^(x) = ^{x, 0, 0) . (4.51) 

They are the lowest order term appearing in the power series expansions of superfields in 
Grassmann coordinates. The superconformal invariance under U(l) transformations (|4.44d|) 
implies for arbitrary Q G S 1 

(^( Xl ) ■ ■■iptixn)) = e i ^+- + ^ Q (^(x 1 ) ■ -^(i n )) , (4.52) 

hence, if the the sum of the i?-symmetry charge, is not zero then the correlation function 



must vanish as exhibited in eq.(L~2) 

n 

(Vf 1 (^i)'"^ n W> = if £/^0. (4-53) 



8=1 



This selection rule can be generalized further to all the other component fields in the power 
series expansions of superfields 

¥(x, 6\ 9 a ) = tf{x) + iPL(x)0 aa + 0yi a (x) +■■■. (4.54) 

If we define the /^-symmetry charge of the component fields, ^(x), ^ a (x), ^ a (x), etc. as 
k, k + 1, k — ~, etc. respectively, then the invariance under U(l) transformation, 

(^(x 1 ,9 a 1 ,9 la ) ■■■)^e i ^ + --- + ^ n (^(x 1 ,e^ n eie-^ n e la ) ■■■), (4.55) 
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implies that the selection rule Q4.53| ) holds for all the component fields. 

The existence of this kind of selection rule in Af = 4 super Yang-Mills theory was pre- 
viously predicted by Intriligator within the context of AdS /CFT correspondence, as the 
dual IIB supergravity contains a corresponding U(l) symmetry [|IJ. Therefore our results 
provide a supporting evidence for the Maldacena conjecture, as the selection rule here is 
derived by purely considering the symmetry on CFT side without referring to the string 
side. 

Essentially, for Af 7^ 4 case, the selection rule exists since the four-dimensional Af 7^ 4 
superconformal group includes the U(l) factor inevitably. However in Af = 4 case, as 
verified in subsection |2.5| , the corresponding superconformal group is isomorphic to a semi- 
direct product of U(l) and a simple Lie supergroup so that it can be reduced to the simple 
Lie subgroup by breaking the U(l) symmetry. In this case, the selection rule will not be 
applicable to the corresponding Af = 4 superconformal theory, since the U(l) representa- 
tion becomes trivial, T(z;g) = 1, and the /^-symmetry charge is not defined. 



Now, we consider correlation functions of quasi-primary scalar superfields, ^{z). From 
eqs.( [4.44a| ,b) H(z 1 m, • • - , Z 1 („_ 2 )) must be SL(2, C) x SU(jV) invariant and hence it is a func- 
tion of SL(2, C) x SU(A/") invariants. According to 0], these invariants can be obtained by 
contracting in all possible ways the spinorial indices of 

e a/3 , t , e a/3 5 e ) \^l(i))aa, U l(j) U l(j>; 

(4.56) 

£ <H-aAf°l(ii) ' ' ' "l(w) ' 6 U l(ii)ai " ' U l(w) aA f • 

On the other hand if we write 

<*T(/) = ©io-)^©Kfc)«) > 1 < / < (n - l)(n - 2) , (4.57) 

where = (X^, 0?q), @i(i)a) are normalized 

Hi) (v2 X 2 a ' (X 2 X 2 a ' Ul ^ a ^2 ^2 a > 

IA 1(1)+ A 1(1) _J4 l A l(l)+ A i(i)-J 8 l A i(i)+ A i(i)-J 8 

(4.58) 

then using eq. ( |A.20a|) one can show that X\uyXxu) are all the invariants for SL(2,C) x 
SU(AT) x U(l) x D and hence invariants for the whole TV-extended superconformal group. 
Note that from eq. ( |3.93b|) , some of them are pseudo invariants under superinversion. 
Explicitly, we may reproduce the invariants depending on three points ( |3.97a ) as 

fi>2 n2 ^1(1)+ y <> Xi(l) + -Xi(i)_ 

(A 1(1)+ ) = — 2 , X 1(1)+ -X m _ - -j===== , (4.59) 

^i(i)- V A i(i)+ A i(i)- 
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and using 



r 2 



x hi-d + = z-Sr , ( 4 - 6 °) 



/v»2 

Q,m)+ 2 ~2 ' 

a Im (4.61) 



X (l,m)+ - X l(l-1)+ ~~ X l(m-1)- + ^'©l^-^^QlCm-^a , 

we may also obtain cross ratio type invariants depending on four points, z r , z s , z t , z u 

. (4.62) 

From -^im + ^im_ = 1, the number of different X^jyX^j), 1 < /, J < (n — l)(n — 2) is 
|(n 2 — 3n + 4)(n 2 — 3n + 1). However, a vector, a, in ^-dimensions may be specified by d 
equations, a-f3i — q; 1 < i < d. Thus the number of independent superconformal invariants 
or X^jyXun in four-dimensions, # n , is 

for n = 3 , 

#„ = J (4.63) 

for n > 4 . 




This result holds for A/" > 2, and for A/" = 1 due to the identity ([A. 19a]) the number of 
independent Xim-Xuj) reduces further toQ 

{1 for n = 3 , 

(4.64) 
An 2 - Yin for n > 4 . 

In the case of «i = 0, #(Zi(i), • • • , Zi( n -2)) must be SL(2,C) x SU(A/") x U(l) x D 
invariant. Hence it is a function of Xim-Xyn and the n-point correlation function of scalar 
superfields reduces to an arbitrary variable function. The n-point function in this case 
may have the following general form 



W»0 ••■«.(*)) = F ff w ,"fff >/ , 

11(4) 



1 Similar analysis for M = 1 was done by Osborn 
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where 

n 

A lm = - 2 (n-l)(n-2) E Vi + 2(^(m + Vm) + - " «m) • (4.66) 

F^i^-Afx^j)) is related to #(z 1(1) , ■ ■ • , Zi ( „_ 2 )) by 

F(Ai w .Ar 1(J) ) = H(z 1{1)) • ■ -,Z 1(n _ 2) ) J] (^, m)+ ) Aim • (4-67) 

2<tym 

This relation can be derived using eq. (|4.44cj ) and the following identity which holds when 

(& - 1) £2=1 * = o 

l^rn J \k=2 ) 

(4.68) 

Xx 2 - 



where A G R. 



„2 \ A ta 



rf>2 j. '2 

2<l^m V^Zl^lm, 



4.6 Non-supersymmetric Case 

In particular, here, we consider the non-supersymmetric case, i.e. M = 0. Quasi-primary 
fields, ty p (x), transform under the conformal transformations, 

tf'(sc) — > ^' p (x') = V T (x)D a p (L(x;g))n(x;g)- ri . (4.69) 

n-point function has the general form 

H Pl o/ ... , (X 1(1) , ■ • ■ ,X Un _ 2 )U P ^(i 12 ) • • • iSnPnte ) 

(*f(xo ■ • • ^k)) = pa p - 1 \ xln) l — — > ( 4 - 7 °) 

where if pl P2 ... Pn (X 1 ( 1 ), ■ • ■ , Xi( n _ 2 )) is a function depending onn-2 points, 
X 1(J) , l<i<n-2, 

W = ^-^. ^ = -^- (4-71) 
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Under conformal transformations, X\^) transforms homogeneously at X\ as in eq.( 3.86a| ). 
Conformal invariance is equivalent to 

H^ P2 ... Pn (X {1) , ■ ■ .,X {n „ 2) )D p ,^{L) = H*^{X[ 1)t ■ ■ • ,X ( ' n _ 2) )M p2 (L) • • • D p ' n Pn (L) , 

(4.72a) 

X U) = X&*S(L) , 
H^ P2 ... Pn (X (1) , ■ ■ ■ ,X {n _ 2) ) = X-^+-^H^ P2 ... Pn (X^ ■ ■ • ,X ( " n _ 2) ) , 

(4.72b) 

X U) - XX {3) ■ 

We note that this result holds in arbitrary dimension, d. 

As an example, we consider scalar fields, \l/(x). The n-point function of them is from 
eq.(ra 

(tfiCn) " " • *„ W> = F(X 1( t yX m ) 

N y J K 11 y[ (xfj- ^-i)("-v im+ --- +r,n)+ ^ im+Vm) 

l<m 

where 



Alternatively, from eq. Q4.62j ), we may regard F(Xi^-Xn^) as an arbitrary function of cross 
ratios (x?-x&)/(a&xj). 

The number of independent XiuyXu^, 1 < i,j < n — 2 or cross ratios in d- dimensions, 
#n|d, is 

{|n(n — 3) for n < d + 2 , 

(4.75) 
dn- l)(d + 2) forn>d + 2. 

and the n-point function of scalar fields reduces to an arbitrary j^ n \d variable function. 
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5 Superconformally Covariant Operators 



In general acting on a quasi-primary superfield, ^ p r (z), with the spinor derivative, D aa , 
does not lead to a quasi-primary field. For a superfield, \E fP r , from eqs. (|3.8| , |3.10| , fi~5| ) we 
have 



J - y n.fy { ~ J ™ r 



-(£ + (77 + |)A + i(« + 1)^)1^' 



W 



pv\ p 



- i b a D ba w r - D aa w s \{s h c hy 
+ 2p bf3 (vY b ( 3 aa y r . 

We may connect the generator of SL(2, C) to S0(1, 3) by 



where 



Y bl3 aa is given by 



la/3, S-ys] — CaSSp-y + Cf3S s a-y + € al Sps + e^S a s 



Y b(3 aa = ((£ - 1)k - + + 2s 6 a <^ c 



(5.1) 



(5.2) 



(5.3) 



(5.4) 



To ensure that D aa ty p r is quasi-primary it is necessary that the terms proportional to p 
vanish and this can be achieved by restricting D aa ty p r to an irreducible representation of 
SL(2, C), SU(jV) and choosing a particular value of rj and k so that ^/Y = 0. The changes 
of the scale dimension and the i?-symmetry charge, rj — > r] + |, k — > k + |, in eq.( |5.1|) are 
also apparent from eq. (|2.12| ) 



D aa = n{z; g) 1/2 T(z; g^L a \z- g)u u \{z; g)D' . 



(5.5) 
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As an illustration we consider tensorial fields, ^V" " „, n A , Al , which transform as 



+ Vii Pxb^-b™ a . . _ V\l/ 6l "' 6n 

1 Zl^^ap oi-omax-p-ttfccn-ai ai-amai-afedi-/?-^ 
p=l q=l 



E-rfjbi - bn 2c _|_ V^ffcj a/6i— d— bn 

^ai---c---a m oi---a fc oi---a ; '' a» < a 1 ---a m a 1 ---a k a 1 ---ai 
i=l j=l 



(5.6) 



i f-i 



Note that spinorial indices, a, a may be raised by e , e 



For v lCt..n ; we have 



(My 6/3 \&i-&n = _2V5 b ^ ^ 6l "- & ' 

V 1 aa/ai---a m ai---Qj.«i---a; / ^ a" a p ai---a 

p=l 

m 
i=l 



ai—a—ctk<xi—ai 

p=l 



a m ai---ct k cti---ai 

i=l 



bvb-"b n 

ai-ftfcdl-tii 



+ ((£ - 1)« - r, + k + 2±(n - m)) ^ a *£ri 



6l— bn 

m ai—afc(ii—a; ■ 



(5.7) 



In particular, eq.( |5.7| ) shows that the following are quasi-primary 



^(6(/9*oi...a m )a 1 ... afc )ai...«, if V - (jf - 1)« = ~k + 2(1 - jj)m , (5.8a) 

C 6 (a£ 6 %a 1 ...a m)/ 3d 1 ...d ! if »7 - - 1)« = 3 + 2(1 - £)m , (5.8b) 

J D[b(/3*a 1 ...a m ]a 1 ... Qfc )d 1 ...d i if V ~ {jr ~ 1)« = -A: - 2(1 + ^)m , (5.8c) 

C 6[ a J D 6 ^ ai ...a m ]/3d 1 ...d ! if »7 - - 1)« = 3 - 2(1 + ±)m , (5.8d) 

where (), [] denote the usual symmetrization, anti-symmetrization respectively and obvi- 
ously eqs. (|5.8cj ,d) are nontrivial if m + 1 < Af. 
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Now we consider the case where more than one spinor derivative, D aa} act on a quasi- 
primary superfield. In this case, it is useful to note 

D( a ( a Db)f3) = , D[ a [ a D b ]p] = , (5.9) 

and 

D aa p b p = 0. (5.10) 
From eq.( |5.7|) one can show that the following are quasi-primary 

D[ bl{Pl ■ ■ ■ A^Ar-afeW-a™]^...^ if V - {jf - 1)« = 2 - k - In - 2(1 + jf)m , (5.11a) 

D {bc * av .. am) ^... &l if 17 -(£-1)k = 2 + 2(1- (5.11b) 

where 

D bc = e-^D h pD n . (5.12) 
Eq. ( |5.11aj) is nontrivial if m + n < M . 

Similar analysis for is ready to be done by taking complex conjugates of the re- 
sults (|5.8a| , |5-lla|) . We also note that in Af 7^ 4 chiral superfield theories, 77 and k are 
related by 77 + — 1)k = as demonstrated in eq.( [4.13| ). 
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Appendix 



A Notations & Useful Equations 

With the four-dimensional Minkowskian metric, jf" = diag(+l, — 1, — 1, — 1), the 4x4 
gamma matrices, 7^, fx = 0, 1, • • -3, satisfy the Clifford algebra 

7 Y + 7 y = 2^. (A.l) 

The gamma matrices for even dimensions can be chosen in general to have the form 
and to satisfy 

7s = -Ho7i727s = ( J _° x ^ • (A. 3) 

We also assume the hermiticity condition 

7VV = 7^ . (A.4) 
The 2x2 matrices, o p satisfy from eqs.( [A.l| , |A.3| ) 



+ ^or" = 2rT , (A. 5) 

and 

Itr^cr") = jf , (A.6a) 

Itr^o^crV) = rfrf* + - rf^ x rf up - i& vXp , (A.6b) 

where we put e i23 = — e 0123 = 1. 

and 5"^ separately form bases of 2 x 2 matrices with the completeness relation 

<A P = 25£5£. (A.7) 



The coefficient on the right hand side may be determined by eq.( [A.6a|) 
Charge conjugation matrix C satisfies 



CYC' 1 = -Y , (A.* 
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and has the form 



C 



e 

e- 1 ' 



(A.9) 



where e a/ g, e d a are the 2x2 anti-symmetric matrices, = e\2 = 1 with inverses, 
Eg. ( A. 8 ) implies 

From eqs.( A.7 , A.lOj) we get 

a aa a fil3$ = ^ e a(3^a$ > 



(A.10) 



(A.H) 



It is useful to note 

We may choose 

then from eqs. ([A.4| , [A.5|) 



^0 ~0 i 

a = a = 1 



1/35 



<7 = —a 



i = 1,2,3. 



(A.12) 
(A.13) 

(A.14) 



In four-dimensions there is a unique correspondence between a general four vector, v M , 
and a 2 x 2 matrix, v Q(i or v QQ , through 



v » = kr(cr^v) 



v v = itr^v) 



(A.15) 



With this notation it is convenient to introduce the variables 

x± = x ± 2i9 a 9 a . 

Note that 



x± = x^a^ , 



(A.16) 



(A.17) 
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and 

x± = x^a^ = x =f 2i6j a . (A.18) 
Some useful identities relevant to the present paper are 

0*9? = -le~ lal3 ee, e«e~p = ±^ 1A % , (A.i9a) 

Qamo v Q = l^Om, (A.19b) 

OamaJ = -^(6x6) 2 , (A.19c) 

x 2 

0p% = 1^(7^2 o-f 1 , (A.20a) 

d! 

e w ... w e^...i/ d = XI sign(p) ■ ■ • 5^ dVpd p : permutations , (A.20b) 
p=i 



^i-w^fi) • ■ ■ X S = i^ 1 '"^ 1 )"^!)"""^"^)' (A.20c) 



AT 



det(O b ) = (1)^(^+1)! 1] a 6 a . (A.21) 



a=l 



B Solution of Superconformal Killing Equation 

To solve the superconformal Killing equation ( |2.31| ) we first note that from eq. ( |2.32j ) 

DwDaJbF = \5^D b5 D a ^ s . (B.l) 
Contracting (3 and 7 indices gives 

D bS D aa W s = 0, (B.2) 

and hence 

D bp Djy^ = Q. (B.3) 
Now we write a general solution of eq.( |2.27|) as 

h»(z) = a^{6, 6) + X(e, 6)x» + w" v {6, 6)x u + 2x-b{6, 0)x» - x 2 b^{6, 6) , (B.4) 
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where w^ u (9, 9) + w vfl (9, 9) = 0. 

Then eq.( p.4|) can be written in terms of h = h^a^ as 

h(z) = x_b(0, 0)x + + x_W(0, 9) + W(9, 9)5c + + A(0, 9) , (B.5) 

where 

W(0, 9) = -\w^{9, B)a»b v + §A(0, 0) - 2zb(#, 0)0 a a = W(0, 0)t , 

A(0, 9) = a(0, 0) - ifuv(0, 0)(0 a 0V^oH + a^ ] a a ) + 40 a b(0, 0)0 6 a 6 = A(0, 0) f . 

(B.6) 

Essentially we may regard W(9, 9) as an arbitrary 2x2 matrix and A(9, 9) as an arbitrary 
2x2 hermitian matrix. 

The variables, x± defined in eq.( |A.16| ), satisfy 

(B.7) 



D aa x p + p = -4i6J>9Z, D aa x p _ p = 



D%xf = , Dp& = Ubi9 a ? , 



which ensure that substituting eq.( |B.5| ) into eq.( ^.32[ ) leads independent equations for 
b(0,0), W(9,9), A(9,9). 

After substituting eq. (|B.5|) into eq. ( |2.32|) , we get from the x 2 -terms 

D aa (b(9, 0)^)/ = \5j>D ai {b{9, . (B.8) 

From eq.( [A.7|) 



6 f 9) = \5£D ai b 5 s{9, 9) , (B.9) 

and hence 

L> Qa b(0,0) = O. (B.10) 

In a similar fashion, or taking complex conjugate, one can show _D^b(0, 9) = 0. Therefore 
U L {9, 9) is independent of 9, 9 and eq. ( |B.7|) shows that x_bx + is a solution of eq. ( |2.32j ). 



The remaining terms lead 
(D aa W(9, 0)x_)^ + (x_D aa W{9, §))to + 4i(D aa W(9, 9)9 b f9 b ^ + D aa A^{9, 9) 

= \5j i {{D ai W{9, 0)£_)^ + (x-D aj W(9, 9)Y~t + 4i(D aj W(9, 9)9 b f9 h ^ + D aj A^(9, 9)} . 

(B.ll) 
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This gives two separate equations 

D aa (W{6, 9)d» + cW(0, 9))^ = \5£D ai (W(9, 9)a» + cW(0, 9))^ , (B.12) 

D aa (A(6, 9) + 4iW(9, 9)9 b 9 b )W = \5£D ay {k{9, 9) + 4iW(9, 9)9 b 9 b )^ . (B.13) 
Eq.( p.l2|) is equivalent, from eq. (|A.7| ), to 



5fD aa W^{9, 9) + 6^D aa W^(9, 9) = \5£{D ai W^{9, 9) + 5^D aS W 1 s {9, 9)) . (B.14) 

By contracting (3 and 7 indices one can solve D ao W a ^{9^ff) in terms of D ao yV^(9,9\ and 
hence eq.( B.14|) is equivalent to 

D aa W%9, 9) = \8^{D aP W^{9, 9) - 2D aa W/(9, 9)) = ^D aa W\(9, 9) , (B.15a) 

D aa W^(9 1 9) = \5j(2D a8 W p s {9i9) - D af ,W 5 5 (9 1 9)) - D aa W^{9,9) . (B.15b) 
Eq.( [B.13| ) gives from eq.( [B.3| ) 

= D bf3 D aa A^(9, 9) + At(D bf3 D aa W(9, 9)9^9^ - At(D aa W(9, 9)9^5^ , (B.16) 
and {D aa , D bf3 } = implies 

= 6^(D aa W(9, 9)9 b y + 5J(D bl3 W(9, 9%V , (B.17) 
and hence from eq. (P.15a|) 

o = D aa w & & (e,9)el. (B.18) 

Therefore W a & (9, 9) is of the form 

W%(0,0) = w(9) + w'(9)9 2X , 6 2N = 9 2 9 2 ---9 2 N . (B.19) 
We may require w'(0) = 0. 

Substituting this expression into eq. (|B.15a| ) gives 

D aa W%9, 9) = \5^D aa w\9)9 2 * , (B.20) 

and hence we can put 

W & $ {9, 9) = \5^w\9)9 2N + w^{9) , 

(B.21) 

W p a {9, 9) = \8 p a w'{9)9 m + wf(9) . 
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Substituting this expression again into eq. ( |B.15a| ) gives 

D aa w'(9)9^ = -w'(9)D aa 9^ , (B.22a) 

D aP w£{9) = 2D aa wf(9) . (B.22b) 

Thus we get 



w' (9) = iic e 2N , 9 2M = q\q\ ■■■e 2 N = e 2N ^ 

and from eq.( B.15T5|) 



D aa wJ{6) = \8^D aS w p 5 {9) , 

where c£l. 
From eq.( [B.3| ) 

= D aa D bp w ry s {9) . 

Hence we can put 

D aa wf(9) = Ap aa . 
Therefore we get the solution for Wj 3 (9, 9) 

W{9, 9) = -ic6 2M 6 2M - Ap a 9 a - \w^~a^ + \\ . 

However, h(z) is independent of c and hence we can put c = 0. 
Now, eq.( [B.13|) reads 

D aa A^(9, 9) = \8j>D ai ~A^{9, 9) , D%A^{9, 9) = ^D^(9, 9) , 

and hence 

D\D aa kW{9,9) = \5i5j>D\D ai ~k^{9,9) . 
Since D aa D b pA(9, 9) = we can put 

D^D bl A^(9, 9) = -16it a b + 8tt5 a b , (B.30a) 

D aa A 6tct (9, 9) = -8ie% , (B.30b) 

where flGl and t G su(JV) i.e. t f = -t, trt = 0. 
Eq.(B.30~) gives the general solution for A(9, 9) 



B.23) 
B.24) 

B.25) 
B.26) 

B.27) 



B.28) 
B.29) 



A(0, 9) = -Ai9 a t\9 h + 2Q9 a 9 a + Ai{e a 9 a - 9 a e a ) + a . (B.31) 
All together, we get the general solution of the superconformal Killing equation ( 2.34Q . 
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C Basis for Superconformal Algebra 

We write the superconformal generators in general as 

JC-P = a^P^ + s a Q a + Q a e a + XD + MR + \w^M„ v + WK^ + S a p a + p a S a + t\A b a , (C.l) 
for 

K = (a", W, e\ e a , p a , p a , X, Q, w" v , t\) , (C.2a) 

V = (P M , K„ Qa, Q a , S a , S a , D, R, AP„, A\) , (C.2b) 

where the SU(jV) generators, A a b , satisfy = —A, trA = 0. The superconformal algebra 
can now be obtained by imposing 

[JC v V,JC2-V] = -ilC 3 'V, (C.3) 

where /C3 is given by eq. (|2.62|) . From this expression, we can read off the following super- 
conformal algebra. 

• Poincare algebra 

[P„, P v \ = , [M^, P x ) = i( Vltk P v - VuX P^ , 

[M^, M Xp ] = i{rip\M up - r} w M vX - rj^M^p + Vv P M ^) ■ 

• Supersymmetry algebra 

{Q aa ,Q b t } = 25 a b ^ aa P ll , 
[M^, Q a ] = -i\Q a <j^<J v] , 

[Pp, Qa*] = [P„ Ql\ = {Qa*, Qbp} = {Q%., QJ} = . 



(C.4) 



(C.5) 
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• Special superconformal algebra 

[K„, K v \ = , [M^, K x \ = i(^ x K u - VuX Kj , 

[M^, S a ] = -i\S a a [tl a v] , (C.6) 
[M^, S a ] = i\cr^cr v ]S a , 

[K„ S aa ] = [Kfj,, S«] = {S aa , S b ?} = {St Si } = . 

• Cross terms between (P, Q, Q) and (K, S, S) 

[P li ,K u ] = 2i(M IH , + ri lu ,D), 
[P„S a ] = -Q a a iI , [P»,S a ]=a l ,Q a , 
[K„Q a ] = a^S a , [K li ,Q a ] = -S a a li , 

{Q aa , S b ?} = i5 b {25£D + {<j^)£M, v ) - 2i8j>{A b a + ( ± - 1)5 b R) , 

{Q%, sg} = -i5 b {25^D - (aWfM - 2ti*{A\ + (£ - l)5\R) , 

{Qoa,S(} = {Q%,S^} = 0. 



Dilations 



[D,P^ = -iP^ [D,Kp\=iKp, 
[D,Q a \ = -i\Q a , [D,Q a ] = -i\Q\ 

[D,S a ]=qS°, [D,S a ]=t±S a , 
[D, D] = [D, R] = [D, M, u ] = [D, A a b ] = . 



(C.7) 



(C.8) 
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• R-symmetry, U(l) x SXJ(Af) 

[R,Q a \ = -i\Qa, [R,Q a ]=i\Q\ 
[R,S a ]=t±S a , [R,S a ] = -i±S a , 

[R, R] = [R, P»] = [R, K,] = [R, M, v ] = [R, A\] = , 

[A\,Ac d } = 2i(5\A a d -5 a d A\) ) (C.9) 
[A\, Q c ] = -2iS a c Q b , [A%, Q c ] = 2t5 b c Q a , 

[A\, S c ] = 2i5 b c S a , [A%, S c ] = -2iS a c S b , 

[A\ P„] = [A%, K,] = [A%, M, u ] = . 

D Realization of 0(2, 4) = SU(2, 2) structure in M 

We exhibit explicitly the relation of the four-dimensional conformal group to 

0(2, 4) = SU(2, 2) by introducing six- dimensional gamma matrices with A = 0, 1, • • • , 5 



S A 
t A 



A n I • (D- 1 ) 



£ A , t A satisfy 

j.Af.B + = 2G ab ^ (D>2) 

where G AB = diag(+l, —1, —1, — 1, —1, +1). In particular, here we choose S A , S A as 



£"= ( ^ ^ ) , s 4 = -£ 4 , s 5 = -s 5 . 



(D.3) 



£a, T,a satisfy 
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For the supermatrix, M, given in eq.( 2.63| ), we may now express the 4x4 part in terms of 

TAB = ly[AyB] aa 

za 



-ib W — t;\ 



hw A B^ 



AB 



where iy 45 , w^, are given by 



1^45 — j UpA — a fi — bfj, , 

T, AB generates the Lie algebra of 0(2,4) 



/x5 



+ bp 



AB vCDn 



ACsrBD i nADx^BC , riBCs^AD Q bd Yj AC 



(D.5) 



(D.6) 



(D.7) 



Eq. (p.67|) , the condition on M, is satisfied partially by eq. (|D.4| ). 

In general, m can be defined as a 4 x 4 matrix subject to trm = and a reality condition 



bm + m)b = . 



1 

1 



Now, if we write 



rh = p l mp , 
1 / 1 1 



b = pjp 1 



P =7t{l -l) ' ^ 
then tr m = and eq. (p.8| ) is equivalent to 

jm + m'j = . 



1 
-1 



(D.9) 



(D.10) 



Hence rh G su(2, 2). 
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